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ABSTRACT: This paper presents a molecular theory of swollen gels based on a compressible lattice model. 
The theory extends the Sanchez and Lacombe lattice-fluid model for polymer solutions through addition 
of the elastic term of the Flory-Rehner theory of rubber swelling. The characterization of this type of 
binary mixture requires knowledge of pure component parameters and an interaction energy correction 
characteristic of each binary mixture. The four basic types of liquid-gel phase diagrams predicted are 
related to the presence of upper and lower consolute temperatures or closed immiscibility loops in solution 
of the uncross-linked polymer. 

Introduction 
Temperature-sensitive gels can be used to concentrate 

dilute solutions or to alter drug release. For example, 
such gels have been used to produce soy protein iso- 
late'P2 and to alter insulin r e l e a ~ e . ~ - ~  As such, they are a 
new technology of practical significance. 

These gels swell when they are placed in water. The 
swelling occurs because the polymer is hydrophilic; it is 
constrained because of chemical cross-links present 
between the polymer chains. However, the swelling var- 
ies sharply with temperature. For example, poly(isopr0- 
pylacrylamide) gel swells to 30 times its dry volume in 
water a t  34 "C but only 4 times its dry volume at 35 0c.M 

Such violent changes in swelling occur because of the 
proximity of a consolute point in the homologous uncross- 
linked polymer. They can be induced by changes in 
pH,' by the application of electrical fields,8 by the addi- 
tion of mixed solvents: or by pressure." 

A theory of these swelling transitions must include both 
the solution characteristics of the uncross-linked poly- 
mer chains and the elastic effects introduced by the cross- 
links. The experimental phase diagram of Figure 1 illus- 
trates both features. The uncross-linked polymer is shown 
as squares, and the cross-linked gel is shown as trian- 
gles. The region above the squares is a two-phase region, 
consisting of a water-rich phase and a polymer-rich phase. 
Below 31 "C, the polymer and water are completely mis- 
cible; above this temperature they become only partially 
miscible. The minimum on this curve is a "lower conso- 
lute point" or "lower critical solution temperature" (LCST). 

The phase behavior of the gel above 34 "C is like that 
of the uncross-linked polymer, forming pure water and 
a polymer-rich phase. The pure water phase contains 
no gel because the presence of cross-links does not allow 
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the complete dissolution of the gel. The gel below 34 "C 
may exist as a homogeneous gel phase or as a highly swol- 
len gel in equilibrium with excess water.2,11 

The behavior in Figure 1 is part of the general behav- 
ior of uncross-linked polymers shown in Figure 2.12-14 Of 
the three two-phase regions A, B, and C shown there, 
only the lower portion of C, including the critical point 
labeled LCSTII, is covered by the temperature range of 
Figure 1. Region A is the normal-phase separation pre- 
dicted by the original Flory-Huggins model. Here poly- 
mer-solvent miscibility is governed by the energy of form- 
ing contacts between polymer segments and solvent at 
essentially constant volume, even under constant pres- 
sure conditions. The dominant consideration in region 
B is that the solvent is approaching the critical point of 
its liquid-vapor curve; mixing at constant pressure here 
produces large changes in the total volume. In region C, 
miscibility is determined by a complex interplay between 
polymer-solvent interactions and volume changes. Part 
of the complexity arises from the fact that the thermo- 
dynamic functions both of the mixture and of the pure 
components are affected in nontrivial ways by thermal 
expansion. 

These considerations have been developed along rather 
different lines into quantitative theories by Flory14 and 
by Sanchez and Lacombe.15 In this paper we combine 
the more tractable model of Sanchez and Lacombe with 
Flory's treatment of network swelling to obtain a theory 
of swelling transitions. Comparison with experiment will 
be the subject of a second paper. 

Theory 

The starting points for the model of this gel are the 
Sanchez and Lacombe theory of mixing and the Flory- 
Rehner theory of rubber elasticity.14-16 The gel's parti- 
tion function is as a first approximation separated into 
elastic and mixing  factor^,"-'^ and the Helmholtz free 
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Figure 1. Isobaric phase diagram for poly(isopropy1acryla- 
mide) polymer and gel. 
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Figure 2. Schematic representation of probable phase behav- 
ior of uncross-linked polymers. 

energy for the swollen gel is the sum of a mixing and an 
elastic term: 

AF=ilF,+AFE (1) 
The Helmholtz free energy of mixing AFM is given by 
the Sanchez and Lacombe extension to the Flory-Hug- 
gins theory of polymer-solvent systems.'6*'0*21 The orig- 
inal lattice models like that of Flory and Rehner require 
that every site is occupied by a molecule or a segment of 
a molecule, so that the.volume of the system is com- 
pletely specified by the amounts of each species present. 
Such incompressible lattice theories cannot predict lower 
consolute points, since these phenomena generally involve 
nonzero volumes of mixing.*% Volume changes are built 
into the theory by including lattice vacancies or holes as 
a third component (the zeroth component): The intro- 
duction of holes, which is not our invention, is one way 
to allow for nonzero volumes of mixing while conserving 
tke simplicity of the lattice representation. 

The elastic free energy AF, due to the cross-links is 
responsible for the rubberlike behavior of gels, which are 
capable of undergoin large strains without suffering per- 
manent deformation.'.'' The elastic behavior is described 
by the ideal phantom network model for non-ionic sys- 

Free Energy  of Mixing. The original Flory- 
Huggins theory predicts only an upper critical solution 
temperature for endothermic mixtures. To remedy this, 
past workers, including Flory have relaxed the 
incompressibility constraint used in the formation of the 
mixing phenomena. 

tems.17.26.27 
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Flory's original formulation of the free energy of mix- 
ing for a binary incompressible mixture is14 

5 = n, In 4s + n, In 4, + u8*n8x;+, (2) 

where n, and n, are the number of molecules of solvent 
and polymer, respectively, & and 4, are their respective 
site fractions, and us* is the close-packed volume of a 
solvent molecule (i.e., the molecular volume of the sol- 
vent well below its boiling point). The interaction param- 
eter per lattice site x,' is defined as 

kT 

x;  = L [ ( ( P * * ) l / ' -  kT (P,*)'/')' + 2Z,(P,*Pg*)1/'] (3) 

where P.* and P,* are the cohesive energy densities for 
the solvent and gel, respectively, and Z,, is a correction 
parameter characterizing the mixture. 

The lattice can be made compressible hy introducing 
a third component: the vacant sites or holes. Holes act 
as a nonsolvent for the gel, with zero cohesive energy 
density (i.e. Po* = 0); the new interaction energy param- 
eters x.,,' and x ~ '  are given by 

xd' = P,*/kT (4) 
xso' = P,*/kT (5 )  

and the mixing free energy becomes 

kT 

where no and $Q are the number and fraction of empty 
sites, respectively, and uo* is the empty lattice site vol- 
ume. 

The close-packed volumes and cohesive energy densi- 
ties are physical parameters that can be obtained from 
pure component data. The volume of an empty lattice 
site is determined by choosing uo* so as to fit the observed 
P-V-T data for the pure solvent. (In this respect, our 
treatment differs from that of Sanchez and Lacombe, who 
allow u * to vary with the composition of the mix- 
ture.''*am) There is only one adjustable parameter char- 
acterizing the mixture: the deviation Z ,  from the Hilde- 
brand mixing rule. 

Elastic Free Energy. The deformation which occurs 
during swelling is considered to take place without appre- 
ciable changes in the internal energy of the gel struc- 
ture. Thus, the free energy change AF, is purely entropic: 
the entropy change corresponds to the decrease of the 
number of configurations allowed to the network chains 
as the gel volume  increase^.'^,'^ Since the gel is synthe- 
sized in solution, the elastic free energy for a tetrafunc- 
tional network is 

_- - n, In & + n, In 4, + us*nnx,'4c + no In C$o + 
~ o * [ n o x ~ ' &  + n ~ x ~ ' ~ $ ~ , l  (6) 

(7) 

where Y is the number of cross-links in the network and 
4: is the volume fraction of gel under synthesis condi- 
tions. The ratio 4,/@2 must represent the swelling of 
the network relative to its unstressed state, i.e., the state 
a t  the time the cross-links were introduced. In the stan- 
dard theory it is tacitly assumed that synthesis takes place 
in the absence of diluent, in which case theta conditions 
would apply. The polyacrylamide gels under discussion 
however, are synthesized in aqueous solution and are there- 
fore already partially swollen in their unstressed state. 
In addition, eq 7 does not contain the logarithmic expres- 
sion found in Flory's development: the cross-links are not 
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free to explore the volume of the system.” The only phys- 
ical parameter involved in the elastic contribution is the 
number of cross-links per unit volume of gel, a quantity 
which is experimentally acce~sible . ’~,~~ 

Free Energy of Swollen Networks. We now com- 
bine eqs 6 and 7 to find the Helmholtz free energy per 
unit volume for swelling a gel 
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where (u/V,*) is the number of cross-links per unit vol- 
ume of dry unswollen gel. The total volume of the sys- 
tem V is 

V = nova* + npI* + Vg* (9) 

The experimental close-packed volume fractions of sol- 
vent and polymer are readily converted to compressible 
lattice site fractions 

(10) 

where vi is the normal close-packed volume fraction of i 
given by 

4; = (1 - 40)s 

2 

vi = n i v i * / C  njuj* 
j = 1  

The close-packed volume vi* is related to the hard core 
mass density pi* and molecular weight of component i, 
Mi, by 

vi* = Mi/pi* (12) 

vi = C n ; M i / p i * ) / c ( n ~ j / p j * )  (13) 

If the hard-core densities of the components (pi*) are not 
too different, we may replace the volume fractions in eq 
13 by weight fractions. While the composition units used 
above may not seem the familiar mole or volume frac- 
tions, the nature of the lattice model makes it more con- 
venient to use the fractions 4; of total sites, including 
vacancies, as the composition variables. In the case of 
polymer networks the experimentally used variable is the 
swelling ratio q equal to the ratio of the volumes of the 
swollen and unswollen structures,” V /  V,* = l/+g. 

Expressions for the chemical potentials can be derived 
in a straightforward manner from eq 8. The chemical 
potentials for the solvent and for the gel are given by 

so that 

.. 
Lattice Fraction Gel 

Figure 3. Isothermal spincdals for a compressihle swollen gel 
(p.*/P,* = 1.25, Do* = 17.12, Z, = 0.0105, u/ug* = 10% B 
corresponds to the shaded region of A. 

so that 

A system containing a cross-linked gel differs from a true 
solution in that only solvent molecules (and holes) can 
redistribute themselves between phases. The network 
performs the dual role of a solute and an osmotic mem- 
brane, since it is not free to enter the solvent-rich 
phase.I4 Thus the total number of gel molecules in the 
gel phase remains constant. 

The equations given above allow calculation of both 
spinodal and binodal curves. The spinodal condition for 
this kind of physical picture is 

In explicit terms, eq 18 becomes 

40) - X~’+@O (15) 

An equation of state for the system is obtained in the 
form of the chemical potential for the holes (pa), essen- 
tially the pressure acting on the system 

[Xd’ - X@’ - xdl2 = 0 (19) 
Equation 19 gives the local stability limits for the gel at  
a fixed temperature and volume. Note that no elastic 
terms are present in the spinodal decomposition. 

Typical spinodals found from eq 19 by the Newton- 
Raphson method are shown in Figure 3, corresponding 
to a region of partial miscibility near an upper critical 
solution boundary. Note that the pressure is not con- 
stant in this figure; it varies along the spinodals where 
equal pressure tie lines have been indicated. Most of 
the figure corresponds to negative pressures at  which the 
system would be under tension; only for empty lattice 
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fractions below 1% does one encounter positive pres- 
sures along the spinodals. To find the spinodal enve- 
lope at  constant pressure, two changes are necessary: we 
must obtain curves representing isobaric stability limits 
by "stacking" isothermal diagrams and then convert the 
associated lattice fractions of Figure 3 to the physically 
measured volumetric fractions by means of eq 10. 

The equilibrium binodal for the system is calculated 
at  a fixed temperature by equating the pressure and the 
solvent chemical potentials in the coexisting phases. By 
assuming the solvent to be in excess, we find a compress- 
ible swollen gel phase in equilibrium with a compress- 
ible solvent phase. To obtain the isobaric binodals, we 
first choose a pressure and then solve eq 17 for the den- 
sity of the gel-free phase coexisting with the swollen gel. 
We need then solve only the remaining solvent-gel equi- 
librium conditions 

The superscripts G and S refer to the swollen gel and 
the gel-free phases, respectively; the chemical potentials 
are defined by eq 14 and 17. Again, the solution of these 
nonlinear equations is carried out by the Newton- 
Raphson method. Generation of the isobar is per- 
formed by using first-order continuation in tempera- 
ture. Details of these calculations are given el~ewhere.~' 

Each binodal calculation at  a given temperature and 
pressure corresponds to a single tie line in Figure 3. The 
final results for the isobar are again changed to the phys- 
ically measured fractions by use of eq 10. Multiple solu- 
tions are resolved by global free energy minimization. 

Results 

In general, the predicted phase diagram is a function 
of six parameters: the cohesive energy densities for the 
solvent P,* and for the gel P,*, the correction parameter 
Z, characterizing the mixture, the close-packed volume 
of the solvent us*, the volume of the vacant site uo*, and 
the density of cross-links at  synthesis u($ ')'I3/ V *. Three 
parameters, us*, uo*, and Ps*, are foundfrom t i e  vapor- 
liquid P-V-T equilibrium binodal of the pure solvent as 
described by Sanchez and Lacombe.20 The value of Pg* 
may be found from the heat of phase transition by use 
of differential scanning calorimetry as indicated in a sec- 
ond paper. The value of V ( ~ ; ) ~ / ~ / V ~ *  may be found exper- 
imentally by measuring the elastic modulus of the gel. 
The remaining parameter Z,, is adjusted to fit the phase 
envelope of the swollen gel a t  the volume transition region. 

The general features of the liquid-gel phase diagram 
can be summarized in the following manner. Compar- 
ing our formulation of the chemical potential of the sol- 
vent as given by eq 14 to the classical Flory-Rehner the- 
ory 

Assuming that ugo = the subtraction of eq 22 from 
eq 14 yields an expression for the interaction parameter 
xs  in terms of the treatment presented above. This param- 
eter, defined on a solvent molecule basis, is now a func- 
tion of the free volume of the mixture and includes both 
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entropic and energetic contributions 

(xsg'4g + x,0'40)(4g + do) - xgodg$o (23) 

The variation of xa is clearly a complex function of both 
volume fractions and gel elasticity. 

Equation 23 leads to four different types of phase dia- 
grams shown in the four parts of Figure 4. Each part of 
this figure gives the variation of with reduced temper- 
ature, the phase diagram of the uncross-linked polymer, 
and the phase diagram of the gel. As a result, each part 
is a theoretical generalization to the results in Figures 1 
and 2. 

The four different parts of Figure 4 refer to four dif- 
ferent ranges of parameters 

II 

(A) p,*pg* = 1, e,z o 
(B) P,*/P,* > 1, e, io  
(c) p,*pg* = 1, e,<o 
(D) p,*pg* > 1, e,>o 

where 8, is the temperature a t  which xSgl = 112 for the 
corresponding solvent-uncross-linked polymer pair. In 
all parts of Figure 4, the lower consolute boundary cor- 
responding to region B in Figure 2 is predicted. How- 
ever, its appearance may be obscured if the cross-link- 
ing degree is too high or if the intermediate miscibility 
region C of Figure 2 is too large. Although all four types 
of phase diagrams are possible, only portions of these 
diagrams are commonly observed. Boiling or freezing of 
the mixture also limits the observation range, and freez- 
ing is not included in the present theory. 

Cases A and B reflect different choices of cohesive energy 
density ratios. Figure 5 shows a more direct comparison 
of these two cases. When Ps*/P,* = 1 the solvent and 
gel have similar cohesive energy densities, and the pre- 
dicted phase behavior corresponds to that normally 
encountered with non-polar uncross-linked polymers. The 
resulting phase diagram shows an upper consolute region 
at  low reduced temperature (T,  < 0.32) and a lower con- 
solute one near the critical temperature of the solvent 
(T,  > 0.95) associated with the consolute boundaries A 
and B presented in Figure 2. These regions are also indi- 
cated as A and B in Figure 5. The intermediate behav- 
ior, which shows no miscibility gap like that in Figure 2, 
is a result of the elastic effects caused by the presence of 
cross-links. 

The appearance and location of the upper consolute 
region is mainly influenced by the value of Z,. This choice, 
which determines the value of 8, (above or below 0 K), 
is the feature that differentiates cases A and C from cases 
B and D in Figure 4. An actual upper consolute point is 
not seen in the case of cross-linked gels, since the sys- 
tem cannot reach the infinite dilution limit. The second 
consolute gap, due to free volume dissimilarities between 
solvent and gel, also does not show the associated lower 
consolute point due to the presence of cross-links. 

When the solvent has a much larger cohesive energy 
density than the gel, the solution phase behavior is quite 
different. This case is exemplified by the curve for P.*/ 
P,* = 2, also shown in Figure 5 (case B in Figure 4). As 
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Figure 4. Calculated liquid-gel phase diagrams. The dashed 
lines for the gel phase diagrams are complemented by the dot- 
ted lines for the uncross-linked polymer phase diagrams. The 
solid lines give the value of xs. 

before, there is an upper consolute boundary, at a reduced 
temperature below 0.2 (indicated as A'), and a lower con- 
solute boundary, now above a reduced temperature of 
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Figure 5. Effect of cohesive energy density ratios on the pre- 
dicted equilibrium phase behavior (reduced temperature = T /  
T:). 
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Figure 6. Effect of cross-link density on the predicted equi- 
librium phase behavior (reduced temperature = T/ T,"). 

0.92 (indicated as B'). There is in addition a central region 
dominated by mixing effects (indicated as C), with a sec- 
ond upper consolute transition near T,  = 0.85 and a sec- 
ond lower consolute transition near T, = 0.42. These 
effects correspond to the closed loop miscibility gap pre- 
sented in Figure 2. The lower part of this region (indi- 
cated as C in Figures 2 and 5) is the basis of the gel sep- 
aration process, which occurs a t  moderate temperatures, 
away from the critical region of the solvent. This sec- 
ond region is observed only in polar systems, and it is 
due to site-specific interactions such as hydrogen 
bonds.12 Increasing the cohesive energy density ratio 
(P,*/P,*) expands region C until it becomes the princi- 
pal feature of the resulting phase behavior. 

Cases C and D in Figure 4 compare the effect of dif- 
ferent cohesive energy density ratios (P,*/P,* = 1 and 
2.5) for situations where 0, < 0 K. In these two cases, 
the consolute boundary corresponding to region A of Fig- 
ure 2 has disappeared from the predicted phase dia- 
grams shown in Figure 4 due to the choice of 2,. This 
parameter affects most directly the location of 0,. 

The cross-link density strongly influences the gel vol- 
ume fraction at which the elastic effects dominate the 
phase behavior of the system. As shown in Figure 6, high 
cross-linking causes the elastic contribution to appear at 
larger volume fractions of gel. The two binodals shown 
there, constructed for a cohesive energy density ratio of 
2, have cross-linking densities of lo4 and mol/cm3 
of gel a t  synthesis conditions. In the less densely cross- 
linked gel we can attain a swelling some 10 times larger 
than in the more densely cross-linked network. With 
increasing number of cross-links, the consolute region cor- 
responding to B in Figure 2 becomes obscured, and the 
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intermediate region (C in Figures 2 and 4) shows a smaller 
volume change than that expected for the weakly cross- 
linked gel. 

Pressure also has a dramatic effect on the shape of 
these diagrams. Both the intermediate miscibility gap 
and the high-temperature lower consolute boundary can 
be completely erased if the pressure is increased suffi- 
ciently, consistent with the behavior observed in uncross- 
linked  polymer^."*^^^^ In contrast, the low-tempera- 
ture upper consolute boundary is generally insensitive. 
to variations in the pressure of the system. 

Conclusions 
This paper develops a molecular theory to explain the 

solution behavior of hydrogels. This development explic- 
itly includes free volume as a third component in the 
binary mixture, so that an equation of state for the sys- 
tem can be derived. The phase behavior predicted for 
swollen gels includes near-critical lower consolute bound- 
aries, low-temperature upper consolute boundaries, and 
closed-loop miscibility gaps potentially containing addi- 
tional lower and upper consolute boundaries. The the- 
ory has one adjustable parameter: the interaction energy 
correction 2, . Other parameters are either experimen- 
tally accessible or can be determined from pure compo- 
nent properties. These results are consistent with those 
obtained for uncross-linked polymers using theories such 
as the Flory and Orwoll cell model, the Koningsveld and 
Kleintjens hole theory, and the Sanchez and Lacombe 
lattice fluid theory.15i2*22p24 

However, while this theory shows interesting qualita- 
tive behavior, it has not been compared with experi- 
ment. In particular, the parameters involved in using 
the theory have not been quantitatively evaluated. In 
addition, the approach taken here merits comparison with 
other theoretical efforts aimed at  the same p h e n ~ m e n a . ~ ' ~  
We make both comparisons for cross-linked poly(isopr0- 
pylacrylamide) and other related hydrogels in a subse- 
quent paper. 
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